We consider a broad area vertical-cavity surface-emitting laser(VCSEL) subject to injection and to time-delayed feedback. We present analytical and numerical analysis of the dependence of the drift instability threshold and on the feedback strength, feedback phase, and carrier relaxation time. we demonstrate that due to finite carrier relaxation rate the delay induced drift instability can be suppressed to a certain extent. We give analytical estimation of the soliton velocity near the drift instability point which is in a good agreement with numerical results obtained using the full model equations.
INTRODUCTION
Localized structures often called cavity solitons (CSs) are nonlinear bright or dark pulses in spatially extended systems such as two-diemnsional [1] [2] [3] or three-dimensiopnal nonlinear optical cavities. [4] [5] [6] [7] [8] [9] [10] [11] Either periodic or localized distribution of light can be generated in such systems through nonlinear light-matter interaction in the presence of two-dimensional diffraction and/or dispersion and nonlinearity. When CS's are well separated from each other, CSs are independent and can be created and erased individually by means of externally addressing light pulses; however, when they are close to each other they interact and make complexes. [12] [13] [14] The prerequisite condition for spatial confinement leading to the formation of LSs is the occurrence of subcritical modulational or Turing instability where a coexistence between a homogeneous background and a self-organized periodic structure occurs. [15] [16] [17] [18] Localized structures have been observed in almost all fields of natural science such as biology, 19 chemistry, [20] [21] [22] [23] ecology. [24] [25] [26] [27] Note, however, that there exist other classe of CSs that can be stable far from any pattern forming instability.
28-32
Localized structures are not necessary stationary objects. Under certain conditions a drift instability can appear in these devices leading to a transverse motion of cavity solitons. Such motion in distributed dynamical systems of different nature can be induced by various effects, e.g., walk-off, convection, phase gradient, vorticity, finite carrier relaxation times, the so-called Ising-Bloch transition, symmetry breaking due to off-axis feedback or resonator detuning. This issue has been abundantly discussed and is by now fairly well understood (see overviews [33] [34] [35] [36] [37] [38] [39] ).
term. This work has revealed that when the product of the delay time and the rate of the feedback exceeds some threshold value, cavity solitons start to move in an arbitrary direction in the transverse plane. Semi analytical expressions have been derived for both the threshold of motion and its velocity In these studies, the analysis was restricted to the specific case of nascent optical bistability described by the real Swift-Hohenberg equation with a real feedback term. However the threshold associated with motion of localized structures holds far from that regime. 41 More recently the appearance of nontrivial instabilities resulting in the formation of oscillons, soliton rings, labyrinth patterns, or moving structures was demonstrated for the Swift-Hohenberg equation.
42
In this paper, we investigate how to control the motion of localized structures of light by means of delay feedback in the transverse section of a broad area nonlinear optical system. The delayed feedback is found to induce a spontaneous motion of a solitary localized structure that is stationary and stable in the absence of feedback. We focus our analysis on an experimentally relevant system namely Vertical-Cavity Surface-Emitting Laser (VCSEL). This device is very well suited for studying and utilizing CSs because oftheir mature technology, fast dynamics and well understand dynamics. Several experiments have been realized with the aim of a future application as pixel bits in optical memories. 28, [43] [44] [45] [46] [47] [48] [49] A regular time-delayed feedback, which provides a robust and a controllable mechanism, responsible for the appearance of a spontaneous motion has been predicted. 50 In this paper the analysis was performed in strictly one transverse dimension. 50 Movinfg 2D cavity solitons has been reported in regime close to the nascent bistability threshold where the phenomenon of slowing down occurs, and and (ii) close to the long-wavelength pattern-forming instability. 51 This work has revealed that when the product of the delay time and the rate of the feedback exceeds some threshold value, cavity solitons start to move in an arbitrary direction in the transverse plane.
In this paper, we investigate the effect of a regular delayed feedback on the mobility of 2D localized structures in broad area Vertical-Cavity Surface Emitting Lasers (VCSEL). The delayed feedback is modeled by an external mirror located at a distance L from the VCSEL output facet (see Fig. 1 ). We will discuss the role of the phase of the delayed feedback and the carrier lifetime on the motion of cavity solitons in broad-area semiconductor cavities. This simple and robust device received special attention owing to advances in semiconductor technology. We show that for certain values of the feedback phase cavity soliton can be destabilized via a drift bifurcation leading to a spontaneous motion in the transverse direction. Furthermore, we demonstrate that the slower is the carrier decay rate in the semiconductor medium, the higher is the threshold associated with the motion of cavity solitons. Our analysis is generic to phase sensitive systems and has therefore a broad spectrum of application such as all fiber cavity, lasers, Kerr medium, second harmonic generation, optical parametric oscillator, phorefractive materials, atomic vapors, liquid crystals and left-handed materials. Our approach is universal and does not depend on a specific type of model equations.
The paper is organized as follows: in the section 2 we introduce the model equations describing the broad area Vertical-Cavity Surface Emitting Lasers biased above the lasing threshold and under (i) optical injection and (ii) regular delayed feedback. The results are presented in section 3 where we derive analytically the threshold as well as the velocity of a sigle peak cavity soliton. We conclude in section 4.
MODEL EQUATIONS
We consider broad area semiconductor cavity operating below the lasing threshold and subject to optical injection. We add an optical feedback from a distant mirror in a self imaging configuration as depicted in Fig. 1 . This time-delayed feedback control is modeled according to Rosanov-Lange-Kobayachi-Pyragas scheme. The space time dynamics is affected by the difference between the electric field value at the present moment and its value at some time in the past. This device is described by the following dimensionless equations
where E is the slowly varying electric field envelope; α is the linewidth enhancement factor, θ is the cavity detuning parameter, E i is the amplitude of the injected beam, and C -the bistability parameter. The parameter γ is the carrier decay rate, I is the injected current, and d is the diffusion coefficient. The diffraction of intracavity light E and the diffusion of the carrier density N are described by the Laplace operator ∇ 2 acting in the transverse plane (x, y). The delayed feedback is characterized by the time-delay τ = 2L ext /c, the feedback strength η and phase ϕ, with L ext is the external cavity length, and c is the speed of light.
MOTION OF LOCALIZED STRUCTURES: THRESHOLD AND VELOCITY
In the absence of delay feedback, η = 0, Eqs. (2) and (2) admit stationary cavity solitons and stable stationary patterns. 28, [43] [44] [45] [46] [47] It has been demonstrated recently that when the feedback rate η exceeds a certain threshold value, which is inversely proportional to the delay time τ , CS starts to move in the transverse direction. Example of moving two-dimensional LS are shown in Fig. (2) . The moving single peak CS is obtained from numerical simulations of Eqs. (2) and (2) by using periodic boundary conditions in both transverse directions. Stationary localized structures have been observed in broad area Vertical-Cavity Surface Emitting Lasers with optical injection.
28, 43-47 They are homoclinic solutions of Eqs. (2) and (2) with ∂E/∂t = 0, and ∂N/∂t = 0 that occur in the pinning region of parameters where the homogeneous steady states and the periodic solutions are both linearly stable. In the absence of delay feedback, localized structures are stationary objects. However when the delay feedback strength exceeds a threshold given by ητ = −1, 51 a single or multi-peaks localized structure starts to move in an arbitrary direction. The formula ητ = −1 was obtained for a fixed value of the phase to either 0 or π, and close to the nascent bistability threshold where a long-wavelength pattern-forming instability take place. In this regime, the dynamics is domnated by the real part of the intracavity field.
In what follows, we present analytical and numerical analysis of the dependence of the drift instability threshold and on the feedback strength, feedback phase, and carrier relaxation time. The time-delayed feedback control does not modify the steady states of the unperturbed system such as cavity soliton but affects its stability properties. To calculate the critical value of the feedback rate, which corresponds to the drift instability threshold, and small cavity soliton velocity v = |v| near this threshold, we look for a solution of Eqs. (2) and (2) in the form of a slowly moving cavity soliton expanded in power series of v:
is the stationary soliton profile, ξ = r − v e t, r = (x, y), and e is the unit vector in the direction of the soliton motion. Substituting this expansion into Eqs. (1) and (2) and collecting the first order terms in small parameter v we obtain:
where X 0 and Y 0 are the real and the imaginary parts of the E 0 , respectively. The operator ∇ 2 ef f is ∇ 2 ef f = ∇ 2 −θ and n 0 = N 0 − 1. The real and the imaginary parts are denoted by and , respectively. By applying the solvability condition, we obtain the threshold
where
The results of the calculation of the eigenfuction associated to the netral mode of the adjoint operator L † are plotted in Fig. 3 . When the decay rate γ → ∞ and the phase of the delay ϕ is 0 or π, we recover the classical threshold [1, 2] associated with the motion of cavity solitons η 0 τ = −1.
To compute the velocity, we expand the electric field and the carrier density as E = u 0 + ve
. We asumme that η − η 0 is of order v 2 . At this order, the solvability condition allows to calculate the velocity
In the limit: τ >> 1 with τv << 1, and τ ∼ γ −1 , the expression for the velocity is further simplified, and reads
We recover the expression for the velocity that has been obtained previously in the special limit of nascent bistability. 51 In this limit where the delay phase ϕ is 0 or π, and the factor Q depends only on the shape of cavity soliton. However, an important difference appears far from this limit is that the factor Q depends on the phase of the delay feedback ϕ as shown explicitly by the expression (7).
The expression (4) of the threshold associated with the moving cavity soliton is indicated by full circles in the Fig.(4) . The phase of the feedback ϕ affects strongly the threshold η 0 associated with the motion of cavity solitons. One can see, that the drift instability exists only within the subinterval. The dependence of the cavity soliton velocity v/(η − η 0 ) 1/2 on the phase of the delayed feedback explicitly given by Eq. (5) is plotted in Fig.  (4) by a full line.
Finaly, we investigate the impact of carrier decay rate on the mobility of the cavity soliton. This effect allows shifting the threshold associated with the motion of cavity soliton and could suppress the mobility as shown in Fig. (5) . These curves are obtained from the plot of the expression thresholdlimit for different values of the carrier decay rate γ. It is seen that the threshold value of the feedback rate η 0 increases with γ. The non-instantaneous carrier response in a semiconductor cavity leads to a suppression of the drift instability of cavity solitons.
CONCLUSION
We have described the space-time dynamics of a broad area vertical-cavity surface-emitting laser(VCSEL) subject to injection and to time-delayed feedback We show that the phase of the time-delayed optical feedback and carrier lifetime affect strongly the space-time dynamics of this system.In particular the motion is the result of nontrivial spontaneous symmetry breaking induced by the delayed feedback. The translational symmetry of the system remains unbroken in our case and the soliton velocity has an arbitrary direction. Such type of spontaneous soliton motion has not been observed experimentally so far, and we think that the scheme proposed in our manuscript could serve as a basis for such experimental observation. We derive analytical formulas for the velocity of cavity soliton and threshold associated with this motion that take into-account the non-instantaneous carrier response in the semiconductor medium. In particular we show that due to finite carrier relaxation rate the delay induced drift instability can be suppressed to a certain extent. We give analytical estimation of the soliton velocity near the drift instability point which is in a good agreement with numerical results obtained using the full model equations. We show analytically and numerically that the dynamical behavior of semi-conductor cavity solitons are strongly affected by the phase of delay feedback and by the carrier decay rate. This allows for the possibility of controlling the threshold and the velocity of the cavity solitons in broad area semiconductor cavities.
